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Analysis of Elementary Models for the Steady-State
Combustion of Solid Propellants

V. A. Strunin* and G. B. Manelist
Institute of Chemical Physics in Chernogolovka, Moscow Region 142432, Russia

An analysis is conducted of various theoretical models for the combustion of condensed systems: combustion
regimes involving the destruction and dispersion of solid, foaming of the melting substance, vaporization or
sublimation of decomposing substances, decomposition and oxidation of propellant components in quasiho-
mogeneous composite systems, and heterogeneous reactions in laminated systems (chemical arcs, sandwiches).
The main combustion characteristics: burning rate, burning surface temperature, dependence of burning rate
on pressure and initial temperature as well as on other kinetic, thermodynamic, and physical parameters, are
studied analytically and numerically. Conclusions are made about the mechanism and the leading stage of the
combustion, as well as the methods of varying the combustion characteristics of different condensed systems,
including explosives and solid propellants.

Nomenclature
A = pre-exponential factor, s"1

a = dimensionless concentration of gaseous
component

b = radius of specimens in chemical arc, cm
C = specific heat coefficient, cal/(g-K)
D = diffusion coefficient, cm2/s
d = distance between samples in chemical arc, cm
E = activation energy, cal/mole
j = stoichiometric coefficient
K = reaction rate constant, s"1

L = total sandwich layer size, 2/, cm
M = molecular weight, g/mole
m = mass burning rate, g/cm2s
m() = maximum mass burning rate of sandwich system,

g/cm2s
n = pressure exponent, d /// rid /„ p
p = pressure, atm
Q = heat of reaction, cal/g
R = gas constant, cal/(g-mole-K)
R* = gas constant, atm-cm3/(g-mole-K)
r = linear burning rate, cm/s
rN = dT,/dT()
s = specific surface, cm"1

T = temperature, K
Th = combustion temperature, K
Tm = maximum combustion temperature, K
W = reaction rate, g/cm3s
x = space coordinate, cm
Y = degree of transformation, dispersion or

consumption via chemical reaction, sublimation,
evaporation

y = space coordinate, cm
2 = y/l
a = angle between direction of combustion wave

propagation and normal to surface at a given
point

5 = criterion of thermal stability of combustion
77 = ratio of reaction rates in gas and condensed

phases
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cTJQ,
criterion of thermal stability of combustion
thermal conductivity coefficient, cal/(g-cm-s)
kinematic viscosity coefficient, cm2/s
xll
density, g/cm3

temperature sensitivity of burning rate, K"1

linear oxidizer fraction in sandwich layer
stoichiometric coefficient

Subscripts
c = condensed phase
D = diffusion
d = dispersion
e = vaporization, sublimation
/ = fuel decomposition
g = gas phase
ox = oxidation
r = decomposition reaction
s = burning surface
0 = initial
1, 2, 3 = numbers of components and reactions

Introduction

M OST fundamental works on combustion focus their at-
tention on consideration of gas-phase reactions of both

simple and complex kinetics.1-2 Combustion models for con-
densed systems, in particular, for composite solid propellants,
are also available.3

However, condensed systems are extremely diversified and
complicated. Therefore, the comprehensive description of all
chemical and physical processes of the combustion of con-
densed systems, and the solution and analysis of the mathe-
matical problem with many parameters involve considerable
difficulties which, in turn, plague the investigation of the com-
bustion mechanism.

Historically, the first theoretical study of the combustion
of energetic materials, performed by Ya. B. Zeldovich in
1942, was based on assumptions about pure gas-phase or pure
condensed-phase exothermic transformations in the combus-
tion wave. This study was in line with the understanding of
the combustion mechanism of the day and with methods avail-
able for solving mathematical problems. Later, in the 1960s
and 1970s, it was established experimentally that most en-
ergetic materials were able to release heat in both the gas and
condensed phases, but, depending on the combustion con-
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ditions, the leading stage could be localized in the vicinity of
the burning surface or in the gas phase. This permits one to
apply approximate combustion mechanisms to particular cases
to describe the combustion of real condensed substances. In
the present work, we present an analysis of combustion mech-
anisms in the condensed and gas phases. Then we consider
the mechanisms of combustion of quasihomogeneous, het-
erogeneous, and laminated systems. Finally, some consider-
ation is given to the combustion of composite solid propel-
lants.

This article suggests elementary (including only the burn-
ing-rate controlling factors) combustion models, which can
be used in the qualitative analysis of combustion character-
istics, in determining the leading stage of combustion and in
estimating the effects of particular chemical and physical pro-
cesses on the burning law.

Combustion in the Condensed Phase
A chemical reaction propagating as a combustion wave in

a condensed substance can be described by relations similar
to those for gas-phase combustion. Note that the Zeldovich-
Frank-Kamenetskii equations for the burning rate are the
same for the condensed and gas phases for zero-order reac-
tions, for which solution of the diffusion equation is not
required.4 However, as a rule, combustion of condensed sub-
stances and their compositions involves total or partial trans-
formation of the condensed substance to gas, which is accom-
panied by the formation of a burning surface. Thus, account
must be taken of the surface temperature. If the original
substance is nonmelting, nonvolatile, and capable of exo-
thermic decomposition in the solid state, gaseous combustion
products can crush the surface layer and generate small par-
ticles forming a so-called "smoke-gas" zone. This phenom-
enon is termed dispersion. It was observed for the first time
in the flameless combustion of primary explosives and pow-
ders at low pressures.5

The condensed-phase combustion is described by conven-
tional heat and mass transfer equations excluding the mass
diffusion term and neglecting the heat exchange with the gas
phase (zero temperature gradient at the burning surface). The
burning rate depends on the reaction rate at the burning sur-
face temperature, which is a function of the effective heat of
reaction and of the extent conversion6:

Table 1 Combustion characteristics of mercury fulminate at
subatmospheric pressures

E, (i)
where

T, = TH + f Y,, <-r-, - Y
F(Y)

dY

/„ = 1/2 YJ for the zero-order reaction, F(Y) = 1, and /„ =
Yv - (1 - Y s)- /„(! - Y;¥)- ' for the first-order reaction, F(Y)
= 1 - Y. '

The amount of the dispersed substance is related to the
amount of the decomposed substance at the burning surface
as follows: Ytl = 1 - Ys. Experiments have shown that the
amount of smoke, proportional to the extent of dispersion,
reduces with increasing pressure. Hence, there is a functional
relation between the dispersion and the pressure dependence
of the burning rate. In the simplest case, this relation can be
presented7 as follows. The destructive force of the gas motion
within the subsurface layer is proportional to the pressure
gradient, and correspondingly, to the filtration rate in pores.
Considering the mass continuity equation and equating the
destructive force and the strength of the solid at the moment
of burning surface formation, we obtain a linear dependence
of burning rate on pressure with a proportionality factor in-
corporating the combined dependencies of permeability,

Calculation

Y,,
0.76-0.66

r, cm/s

0.1-0.58

Experiment

rv, K
630-770

Ytl

«0.7

r, cm/s

0.4

strength, and other parameters on solid porosity. The con-
clusion about the linear burning law has been supported ex-
perimentally.5 As an illustration, Table 1 lists calculated and
experimental data for the combustion of mercury fulminate.6

Now consider combustion involving the melting of a non-
volatile substance. The released gases foam the solid and
thereby extend its volume. The solid density and, hence, the
heat release per unit volume decrease. The foam structure of
the combustion zone was first discovered in the combustion
of double-base (nitroglycerin) propellants. The theory of the
process in the case of permanent transition from the density
of the solid to density of the gas in the combustion wave was
developed by Maximov and Merzhanov.lS The burning rate is
determined by the equation

2XcA,MJinp E,
(2)

which suggests that the pressure exponent n = 3 /// rid //'/ p
must approach 0.5.

As an example, we refer to the combustion of borane hy-
drazine. The thermal decomposition and combustion of this
compound have been studied by Manelis et al.9 In this case,
the foam stability and the decomposition at temperatures close
to maximum are provided by boron nitride formed by the
reaction BH3N2H4 -> BN + 0.5N2 + 3.5H2 (yield -100%).
Here, we have effective intramolecular oxidation of boron,
which is not complicated by diffusion. The experimental pres-
sure dependence of the burning rate for borane hydrazine at
pressures of 20-100 atm obeys the equation r (cm/s) = 0.62/?058

(atm). The experimental values are in good agreement with
those calculated using the kinetic constants of liquid-phase
decomposition.

The types of condensed-system combustion most commonly
encountered are combustion of substances capable of both
decomposition and evaporation (or sublimation). Among
these substances are nitro compounds, nitroesters, nitramines,
onium perchlorates, and nitrates, which are important com-
ponents of explosives and solid propellants. Burning surface
temperature, which depends on the pressure of the saturated
vapor of a substance, is a criterion for the possibility of pref-
erable decomposition of a substance in the condensed or gas
phase within the combustion wave.

Let us consider a combustion mechanism involving decom-
position in the condensed phase, with the gas-phase reaction
rate being negligible. The burning surface formation corre-
sponds to the instant at which the sum of the decomposition
and evaporation fractions is equal to unity, the sum of partial
pressures of decomposed and evaporated products is equal to
unity, and the sum of partial pressures of decomposed and
evaporated products is equal to external pressure. This as-
sumption is valid provided the reactions in the gas phase are
absent, or proceed at a distance far from the burning surface.
It should be noted that in terms of this model, one need not
resort to arbitrary assumptions concerning the burning surface
parameters as was the case in some other works. Thus, we
have7-10

Ts = (QC/CC)YS - (QJCC)YC (3)

l (4>
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«n ^
O Fig. 1 Temperature sensitivity of

burning rate as a function of pres-
sure at different values of con-
densed-phase heat release increas-
ing from curve 1 to curve 3.

-i 3 7

If P/P,.f

for the zero-order reaction

A£,.(l - Ye)[Qr - (Qr + Qe)Ye]

'„ r d /„ Ts (E,.l2RT;)(Tm - Ts)
3 /„ Ts 3 /// p (EeIRTl)(Tm - Ts)

(5)

(6)

9TS dT0

(Er/2Rr-) (Ee/Rr-)[(Tm - TS)I(TS -
(EJRT;)(TIU - (7)

where Tin =
P -» 0, Yf -

T(} + QC/CC. Under extreme conditions, i.e., at
1 and /i -> Er/(2Ee), while at p -> oo, Ye -> 0,

and n -» 0.
Analysis of these expressions shows that evaporation plays

an important role as a limiting and stabilizing factor, and acts
via the feedback mechanism. For example, the fraction of
evaporation increases with increasing heat supply to the con-
densed phase (with increasing Qc and r()), and the expenditure
of heat for evaporation increases, slightly enlarging the values
of rv, r, and n. In terms of this mechanism, the pressure
dependence of burning-rate temperature sensitivity exhibits
an unusual and rather unexpected behavior.11 Figure 1 shows
that (Tp decreases at low pressures and increases at high pres-
sures. As a result, the pressure dependence has a minimum.
Changes in the extent of heat release in the condensed phase
affect crp at low and high pressures in different ways.

To a large extent, the crp value determines the thermal
stability of combustion. Combustion is assumed to be stable12

if

or

= <TP(T, -

(* ~

where rN = dTJST0 and p = const.
For our model we have'-'

K > 1

(8)

(9)

d = [(E,/2R1J)(T, -
1 + (E,/2RT*)(T, - - Ts)

(10)

Equation 8(T,) = 1, which sets the stability limit, is cubic
with respect to Ts and, hence, has three roots that can be real
for certain parameters and can fall within the range of ac-
ceptable Ts values. The analysis shows that for different de-
composition-evaporation kinetics, the r(p) curve can involve
one or two combustion stability limits.

Let us analyze experimental data on the combustion of
some onium salts, in particular of ammonium perchlorate
(AP),I() in terms of the above mechanism. To understand the
deflagration mechanism of such compounds, it is important

to clarify the mechanism and peculiarities of the combustion
of composite propellants.

The pressure dependence of the burning rate for AP is
distinguished by the following features. The results of mea-
surements at 20-140 atm, reported by different authors, ba-
sically coincide. At higher pressures, the measured burning
rates essentially differ, the r(p) curves exhibit a somewhat
unusual behavior [plateau or, r(p) decrease], and high sen-
sitivity of the burning rate to admixtures, heat losses, and
other factors is observed. A number of experimental data are
indicative of the importance of thermal decomposition of AP
during combustion. Among these data are the foam structure
of the surface layer of extinguished samples, the exothermic
effect of the reaction in the condensed phase (measured by
thermocouples), and the effects of ionizing radiation and
catalysts on thermal decomposition.14 However, deflagration
of AP under atmospheric pressure requires approximately 100
cal/g of additional energy, most of which compensates for the
heat expended for AP sublimation (Qe ~ 500 cal/g). The
burning rate calculated using the kinetics of solid-phase de-
composition of AP (Kr = -32,GOO//? rc- is-1) is 0.02 cm/s, which
coincides approximately with the experimental value; the cal-
culated value of Ts (750 K) is close to the experimental value
(770 K). The sublimation fraction is —30%. At pressures of
40-100 atm, the calculated burning rate is half as large as the
experimental one. This difference can be accounted for by
the fact that the reaction proceeds partially in the liquid phase
(perhaps the melting of AP or the formation of liquid eutectic
with water), where the reaction rate can be an order of mag-
nitude higher than the rate of solid-phase decomposition.10-14

The characteristic features of AP combustion at high pressures
seem to be accounted for by the thermal instability of the
combustion (flame emissivity pulsations were observed in ex-
periments). The calculated value of the stability criterion (8
> 1) supports this assumption.

The common and specific phenomena caused by the con-
densed-phase decomposition in the combustion of other
onium salts are as follows. The burning rate of hydroxylam-
monium perchlorate (HAP)IS depends on the excess concentra-
tion of the dissociation products, hydroxylamine salt and per-
chloric acid. According to the kinetic data, the effect of the
salt is more pronounced. Calculated combustion character-
istics show good agreement with experimental data (Table 2).

The combustion of HAP is unstable at 20-100 atm; at lower
and higher pressures, the process is stationary. The crp(p)
dependence is minimum at intermediate pressures. This be-
havior is consistent with the condensed-phase combustion
model.

It should be noted that the unstable combustion at inter-
mediate pressures (pulsations, decrease of pressure exponent
down to negative values, extinction) is typical for the com-
pounds under consideration and is associated with the con-
currence of the decomposition and vaporization processes.
This effect is most pronounced in the combustion of organic
perchlorates.13-16

The thermal decomposition of ammonium nitrate (AN),
unlike that of AP, occurs in melt. The concentration of the
acid formed in AN dissociation is higher since AN is a salt
of the acid weaker than perchloric; AN is a more volatile
compound than AP and, hence, its burning surface temper-
ature is lower; and, finally, the oxidation ability of AN de-
composition products (nitroxides) is relatively low. As a re-
sult, AN is incapable of deflagration without catalytic additives.
Table 3 lists the calculated combustion characteristics of AN
and experimental data for AN doped with sodium and barium
chlorides and chromium oxide.17

The unstable combustion of AN is detected beginning at
—400 atm. The burning rate decelerates (plateau) or even
decreases with pressure, and flame pulsations are observed.

Another characteristic feature of AN combustion is the
strong effect of the salts of alkaline and alkaline-Earth met-
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Table 2 Combustion characteristics of HAP at 20 atm

Characteristic
Calculation
Experiment

r,
cm/s

0.21
0.28

K Ye

830 0.50
780 ± 60 ——

n
0.48
0.50

o-p x 103,

3.2
3.5

8
1.35
Unstable

Table 3 Combustion characteristics of AN at 70 atm

Characteristic r, cm/s

Calculation
Experiment

0.34
0.3 0.6

790 0.51 1.04
0.8-0.9

Table 4 Combustion characteristics of HN at 50 atm

Characteristic r, cm/s Ty, K o-, x 103, K"1

Calculation
Experiment

0.70
0.82

882
860

0.68 0.90
0.82

2.5
3.1

als, which, in fact, do not accelerate the thermal decompo-
sition of AN. The effect of this mechanism is discussed below
in analyzing the combustion of hydrazonium nitrate (HN).

The combustion of HN at 30-120 atm pressure obeys the
law,18 r (cm/s) = 0.033p°82 (atm). Adding potassium, sodium,
lithium nitrates, or calcium chloride, increases the burning
rate, but only weakly affects the lower limit of the steady-
state combustion. At intermediate pressures, the acceleration
effect increases from potassium nitrate to sodium nitrate and
is maximum with lithium nitrate. Maximum acceleration is
observed at —10% concentrations of the additives. The ac-
celeration effect decreases with increasing pressure, with the
maximum shifting toward lower concentrations.

The HN combustion characteristics calculated using the ki-
netic constants for the liquid-phase HN decomposition show
good agreement with experimental data (Table 4).

The accelerating effect of the above additives can be ac-
counted for when the combustion model assumes the follow-
ing mechanism. Early in the combustion, a nonvolatile
additive accumulates on the burning surface. Then, in the
steady-state process (when the accumulation-entrainment
equilibrium is established), the additive concentration be-
comes higher than that in the initial composition. As a result,
the pressure of saturated HN vapor must decrease, with the
surface temperature (according to Raoult's law) and burning
rate increasing. This assumption is supported by the analysis
of potassium ions in the surface layers of extinguished sam-
ples, whose concentration was approximately three times higher
than that in the original samples, and by measurements of
the burning surface temperature that were higher in doped
HN samples. The temperature was measured by microther-
mocouples.

To summarize the consideration of the condensed-phase
combustion, the following conclusions can be made:

1) The combustion mechanism of heavy volatile oxidizers
(onium salts) involves the combined effect and competition
of two processes: 1) exothermic decomposition and 2) va-
porization (sublimation), which control and stabilize the com-
bustion.

2) This mechanism is adequate to explain combustion sta-
bility and burning rate dependence on pressure, initial tem-
perature, and additives.

3) Surface layer dispersion occurs mainly at low pressures
(<1 atm) and may contribute to a certain extent to decreasing
the burning rate and increasing the pressure exponent.

4) Gas-phase reactions must also contribute to the com-
bustion characteristics. This problem is discussed in the fol-
lowing section.

Combustion in Condensed and Gas Phases
The gas-phase combustion theory can readily be applied to

the combustion of a condensed substance if the substance is
volatile and its thermal decomposition rate in the condensed
phase is low (the Belyaev-Zeldovich mechanism).1 However,
most substances used in propellants are characterized by com-
parable decomposition abilities in the condensed and gas phases.
This kind of combustion, referred to as combined, is of great
interest to researchers, but at the same time presents certain
difficulties in mathematical modeling. Realization of the com-
bined combustion mechanism for a wide range of parameters
(e.g., pressure) is determined by the fact that the condensed-
phase reaction proceeds at a high density of the substance,
but at a temperature much less than maximum, and that the
reaction rate increases with pressure due to increasing Ts,
while the gas-phase reaction occurs at a lower density, but at
higher temperatures, with the reaction rate increasing with
pressure according to the usual mechanism of gas-phase re-
actions. Thus, the rates of both reactions change in the same
direction.

The problem of the combined combustion is conventionally
solved using the concept of flame stand-off distance. Although
such an approach is rather simple, it has certain disadvantages
that limit its application. First, because the functional depen-
dence of the flame stand-off distance on determining param-
eters is derived from dimensionality considerations and is
oversimplified, a special analysis of this dependence and its
numerical justification is required. Second, the applicability
of this approach is confined to a combustion regime in which
the flame stand-off distance and preheating zone are the same
size and are inadequate to describe other combustion regimes
that can occur under a variation of parameters of the problem.

A general method for solving the problem of two-stage
combustion, based on the classical approximate approach of
Zeldovich- Frank -Kamenetskii, has been proposed by Vil-
yunov. iy The unknown parameter comprises the burning rates
in the condensed and gas phases. The complexity of the so-
lution lies in the fact that in the first case, Ts is included in
the exponential dependence and can significantly affect the
burning rate, while in the second case, Ts is incorporated into
the linear dependence and has a weak effect on the burning
rate.

Let us use the above considerations to analyze possible
combustion regimes for a substance capable of decomposition
in both phases and vaporization (sublimation), e.g., for AP
or HMX. The combustion is described by the following system
of equations (assuming c = cg = cc):

In the condensed phase (x < 0)

Ac - cm + QcWr - QeWe = 0

- m - + Wr = 0

In the gas phase (x > 0)

(11)

(12)

(13)
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^Pe ~TT ~~ m ~7~ + W» = Q' dt- dx

The boundary conditions are

x = -oo, y - o, r= r()
^ = +00, y = i, T= Th

(14)

(15)

At the gas-solid interface, the conditions of continuity of
temperature, heat flux, and mass flow are met.

Assuming that the gaseous decomposition products in the
pores of the condensed phase are mixed with the vapor of
the initial substance, vaporization rate We is expressed via
decomposition rate Wr and evaporation fraction Ye:

- Ye)]Wr

At the burning surface, we have

M, i - y, ^exp(-^

(16)

(17)

Three possible combustion regimes are considered in the
following20:

1) The gas-phase reaction rate is low. The combustion takes
place in the regime of separation, also referred to as the self-
ignition or induction regime. The leading process is the de-
composition in the condensed phase. Dividing the condensed
phase1 into preheating and reaction zones, one may derive
the following equation for the burning rate (zero-order re-
action):

m- =
2\c(Rr-/Et)pcAr exp[ - (Er/RTs)]

rv - r()) - QC(I - y,) + (18)

For the preheating zone in the gas phase, the conductive term
in the energy equation may be neglected. In this case, pro-
ceeding from the equality

cm dT
dt

(19)

we obtain the following expression for the burning rate, which
is simultaneously an additional condition for determining Ts:

exp {-[
c(c(Th - T0) - Q.Y.]

(20)

2) In the mixed combustion regime, the reaction rates in
the condensed and gas phases are of the same order, and have
a collective effect on the combustion characteristics. The
equation for the burning rate in the condensed phase is the
same as in region 1, while for the gas-phase burning rate we
have

2\KQKRT2
h(Me/RTh)'Ae exp[ - (EJRTS)] -Ag exp[ - (Eg/RTb)]

EK[c(Th - T0) - GcO - Ye) +'
(21)

3) In the conjunction combustion regime, where the gas-
phase reaction zone is close to the burning surface, the equa-
tion for the gas-phase burning rate takes into account the
reaction rate in gas at the temperature of the burning surface:

3.6

3.2

-r -6

Fig. 2 Dimensionless pressure dependence of burning rate at different
rj ~ ^/Jtc: 17 = 1) 0.1, 2) 1.0, and 3) 10. Particular combustion
regimes: s9 separation; m, mixed; c, conjunction; pg, pure gas-phase;
pc, pure condensed-phase.

It is convenient to perform the calculation of the parameters
m, n, and ar as follows. Ts is considered an independent
variable. Ye is determined by equating the burning rates in
both phases. Then the values of m and p are found.

Figure 2 shows the burning rate dependencies for different
values on 17, which is proportional to the ratio of the reaction
rate constants for the condensed and gas phases. The sepa-
ration combustion regime at low pressures changes to the
mixed combustion regime at intermediate pressures, and at
high pressures goes to the conjunction combustion regime.
The transition points between the regimes are marked with
circles. An increase in 17 results in the extension of the region
of mixed combustion and shifts the separation regime towards
very low pressures. In the regime of conjunction at high 17,
the r(p) curve has a maximum because the burning rate in-
crease due to the high rate of the gas-phase reaction changes
to a decrease owing to transition to the condensed-phase com-
bustion where the reaction rate is lower.

The numerical solution of this problem21 has validated the
approximate method. The difference in the burning rate val-
ues obtained analytically and numerically averages —20%.

An analysis of calculation results has shown that the mass
burning rate can be represented approximately as a sum of
the condensed-phase or gas-phase burning rates, where each
burning rate value calculated neglects the effect of the other
phase entirely. This rule is accurate for no less than 15% for
the ratio rc/rg ranging from 0.21 to 21.

Combustion of Quasihomogeneous
Composite Propellants

To analyze the role of the main chemical processes pro-
ceeding in the condensed phase of combustion, consider the
combustion of a model composite mixture of a fine-grained
oxidizer and a polymeric fuel.1434 The combustion process
involves the consecutive-parallel reactions of thermal decom-
position of oxidizer Q{, W{, destruction and gasification of
fuel Q2, W2, and its oxidation by oxidizer decomposition prod-
ucts Q^ Wv The oxidizer (like AP) transformation in the
condensed phase, considered to be the leading process since
the oxidizer comprises 80-90% propellant mass and is capable
of independent combustion, makes the major contribution to

Eg[c(Th - T()) - Qc(l - Ye)
(22)
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the thermokinetic mechanism of the combustion in the con-
densed phase.

The combustion in the condensed phase is described by the
equations

Ar —— - cm — + QW - Q2W2 + Q3W3 = 0 (23)

-m —-1 + W, = 0, -m -^ + W2 = 0
dY2

dx
(24)

The boundary conditions are

x = oo, y, = y2 - y3 = o, T = T(}

= 0, =dx

(25)

The first integral of the energy equation gives the heat balance
at the burning surface:

Ts - T0) = Q,Yls - Q2Y2s + Q3Y3s (26)

For the burning rate we have

- Q2W2 + Q3W3) dT
m- = c-(T, - Tu

(27)

The fraction of oxidizer decomposition Yls depends (as in
the combustion model for a neat substance) on vaporization,
while the fractions of fuel destruction and oxidation can be
determined by dividing the kinetic equations by IV,, followed
by integration:

Y-,, ='2° = I i^

~ Jo W^ '

^
'

(28)

Consider now the simplest chemical heat release functions

W, = PcAlcxp[-(El/RT^]

W2 = PcA2 exp[-(E2/RTs)] (29)
W3 = pgA3exp[-(E3/RTs)]

The diffusion effect on the oxidation of fuel can be taken into
account as follows:

cA3 exp[ - (E3/RTS)]

for melting fuels; and

W3 =
PgSKDK3

K3 + KD

(30)

(31)

where KD ~ Dg, K3 = A3 exp[-(E3/RTs)] for solid fuels.
An analysis of the previous expressions allows the following

conclusions:
1) An increase in the rate of oxidizer decomposition pro-

duces a double effect: it increases the burning rate (m ~ vW\)
and decreases it due to the reduced portion of oxidized fuel
(Y3y ~ W3/Wl). It follows that if the oxidizer decomposition
is so fast that the fuel has no time to react with the gaseous
oxidizer in the condensed phase and the heat flux from the

O.d

Fig. 3 Pressure exponent of burning rate as a function of pressure
for quasihomogeneous propellants: 1) oxidizer; 2-5) are composite
propellants: 2) E3 > E^ 3) E3 <E194)E2> E19 and 5) E2<El.

gas phase does not compensate the heat expenditure for pre-
heat and gasification of the fuel, the burning rate can decrease
by adding the fuel to such an oxidizer.

2) An increase in fuel gasification (decomposition, vapor-
ization) rate decreases the burning rate since these processes
take up the heat and decrease the portion of oxidized fuel.

3) An increase in the rate of fuel oxidation leads to an
increase in burning rate and can be provided by increasing
the reaction rate constant, extending the specific surface of
the contact of components, and increasing the concentration
of oxidizer gas. For this purpose, a sufficiently thermostable
fuel can be used containing active groups that oxidize rapidly
in the condensed phase to release a considerable amount of
heat. It should be noted that the efficiency of fuel oxidation
and heat release in the condensed phase is, in terms of the
effect on burning rate, much higher than that in the gas phase
since the heat supply to the burning surface reduces drastically
with the distance from the surface to the heat release zone.

The influence of the kinetic parameters on the burning rate
pressure exponent is shown in Fig. 3. For a neat oxidizer, n
decreases with pressure because of reduced vaporization. The
value of n increases on addition of a fuel oxidizing at an
activation energy higher than that of oxidizer decomposition.
Otherwise, the n value decreases. The fuel decomposition
shows a behavior opposite to the above trends. The ratio of
the kinetic parameters of the reactions in the condensed and
gas phases also affects burning-rate temperature sensitivity
and combustion stability at various pressures.

To illustrate application of the kinetic approach, consider
the combustion of a propellant consisting of fine grains of AP
(<50 /mi) plasticized with butyl rubber, and different ferro-
cene catalysts.22 The thermal decomposition of this model
propellant was studied by means of differential calorimetry
in sealed glass ampules. The process involves two stages: 1)
the oxidizer reacts with a ferrocene compound, and 2) the
catalytic oxidation of fuel components occurs. The kinetic
constants obtained were used in calculating the combustion
characteristics. It has been established that the first stage is
completed in the initial stage of the combustion wave, per-
haps, in the preheating zone. The second stage proceeds in
the main reaction zone, but is limited by oxidizer sublimation.
The calculation results and experimental data on burning rate
and pressure exponent are summarized in Table 5.

Figure 4 shows experimental and theoretical dependencies
of the burning rate on the concentration of alkyl-substituted
ferrocene. It can readily be seen that the specific features of
thermal decomposition kinetics and the structure of the ca-
talyst affect the burning rate.

Combustion of Laminated Systems
Laminated systems modeling composite propellants widely

used in investigations include a sandwich-like system consist-
ing of oxidizer and fuel layers arranged normal to the com-
bustion front,23 and a so-called "chemical arc," a system con-
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Table 5 Combustion characteristics of the composition of AP (85%), butyl rubber (15%), and
dimethyl ferrocene (3% above 100%) at 40 atm

T, c(Ts - r()), r,
K cal/g Yv cm/s n

Calculated Calculated Calculated Calculated
1000 210 0.28 1.1

Experimental Calculated Experimental
1.9 0.46 0.40

0.8 0.8

a) Cat., % b) Cat., %
Fig. 4 Burning rate increase as a function of catalyst concentration
(cat) at 40 atm: a) experiment and b) calculation. 1) Dimethyl ferro-
cene, 2) diethyl ferrocene, and 3) diisopropyl ferrocene.

sisting of oxidizer and fuel bars fixed on an imaginary axis
with a known gap between the end-faces.24

Consider first the chemical arc model for the case of het-
erogeneous oxidation of a solid fuel and gasification (decom-
position or sublimation) of a solid oxidizer. The combustion
is described by a system of the equations of heat and mass
transfer written for the gas-filled gap between the end faces,
with appropriate boundary conditions written for the surface
of components.25 The following relationships have been ob-
tained for the mass regression rates of components (for the
Nusselt number close to unity):

m2 = 2 exP ~
j)c(T2s -

Q2 - G,

Q2 - c(T2, - T0)
-

(32)

(33)

The distance between the components is determined as
follows:

0*
\**

1.2

0.8

JO 20

cm
Fig. 5 Regression rates of components in a chemical arc vs distance
between specimens at 40 atm. AP 1) and PMMA 1'); AP 2) and pol-
yethylene 2'); AP 3) and graphite 3'); neat AP 4).

Figure 5 presents experimental data on the combustion of
samples of AP and different fuels in a chemical arc,26 which
support the theoretical predictions, in particular, the curve
maximum determined by transition from the kinetic mode of
combustion to the diffusion mode.

Two variations of the sandwich model are considered: one
with averaged characteristics in each layer, and the other in
terms of a two-dimensional problem. 27~29 All chemical pro-
cesses are assumed to take place on the surfaces of the com-
ponents (heterogeneous combustion). The combustion in-
volves the thermal decomposition and sublimation of the
oxidizer and the decomposition and oxidation of the fuel.

In the first variant, the condensed-phase and gas-phase in-
teractions of components are taken into account via heat and

d = >l>pgA2 exp[-(£2//?T2v)][Q2 + jQl - (1 + y)c(72v - T0)][Q2 - c(T2s - (34)

The value of T2x is derived from this equation. The value to
Tlx is determined from

PK

i)c(T2s - r,,)
Q3 - Q.

for sublimation, and

- Aeexp[-(Ee/RTls)]

(35)

2 - c(T2s - r,,)]
(2, - e,)[c(rlv - r0) -

X,exp[-(£./2ftr l i r)]
pgA2exp[-(E2/RT2s)]

(36)

for decomposition.
The dependence of d on the force of sample pressing F is

determined by

Ady = (37)

mass exchange coefficients. Figure 6 shows a calculated de-
pendence of the burning rate on the size of the sandwich. At
small L, the combustion is quasihomogeneous. At large </>
values, r increases with increasing L. The "anomalous" be-
havior of the dependence r(L) is caused by the increasing
temperature at the fuel surface. With further increase in L,
the behavior of the dependence r(L) becomes normal. The
decrease in r is associated with the reduced supply of oxidizer
gas by diffusion. At a certain L, the burning rate is lower
than that of the neat oxidizer burning without fuel. Finally,
at sufficiently high L, the second anomalous branch appears,
due to the decreased fuel effect and transition to the self-
sustaining combustion of the oxidizer (L —> °°).

The complex dependencies of r, n, and ap on p and L,
predicted by the combustion model for laminated systems,
have also been partially supported by the experimental re-
sults.23-7

The two-dimensional formulation of the problem allows
one to investigate the front structure of the combustion as
well as the combustion regimes, which cannot be predicted
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-3 -2

QM

0

-QM

-0.8

Fig. 6 Burning rate as a function of sandwich size. <f> = 1) 7 and 2)
0.9.

within the framework of an averaged model. The virgin sur-
face is initially considered flat. Temperatures and concentra-
tions at the burning surface are determined first. Proceeding
from particular chemical reactions at the surface (we restrict
ourselves to considering the reactions of oxidizer decompo-
sition and fuel oxidation), we calculate the local reaction rates
for each point of the surface and its shape. For the conven-
ience of calculations, we use a coordinate system with x = 0
corresponding to the middle of the oxidizer layer, and x = /
corresponding to the middle of the fuel layer. The overall size
of the sandwich is L = 21.

The equations for the gas-phase are as follows (y > 0):

dT

The solution has the form

(39)

The energy equation for the condensed phase (y < 0) is

(d2T 82T
TT + T-T\dx2 dy-

dT
o —dy

The boundary conditions are the following:

at the oxidizer surface (y = 0, 0 < x < (/>/)

A
A<

^ da
Qcmr, a,m(} - pgD —dy

(41)

mr = Arexp[-(Er/RTs)] (42)

and at the fuel surface (y = 0, </>/ < x < /)

daA
A'

oxWox, a,mu - pgD —

The symmetry conditions are

dT dax = 0 and jt = /, — = — = 0
dx dx

(43)

(44)

(45)

The conditions in front of and behind the combustion wave
are

dT
= 00 —— = U, 0, = = 0 (46)

sin(k7r<l>)cos(k'jrx/l)

(47)

Tv = TV -
C7T

(27r/cA?/c/ra())2

(48)

where a, = a^ = \l/<j> — j(\ — </>) and TV = TQ + 4>Qc/c +
(1 - <f>)QJc.

The profile of the burning surface is determined from the
relationship m = ra() cos a, where a is the angle between the
direction of combustion wave propagation and normal to the
surface at a given point. Since dy/dx = tga

y -£ Vl - (m/m())2

mlm()
(49)

where the coordinate corresponding to the maximum ra0 is
taken as x(}.

Figure 7 shows the profiles of concentration as, temperature
6, = cTJQc, oxidizer decomposition rate rr, fuel oxidation
rate rox, and burning surface z — y/l for two L values. The
maximum burning rate for the lower L value depends on the
fuel oxidation rate and is located at the fuel-oxidizer interface.
At the larger L, oxidizer decomposition becomes the pre-
eminent process, however, the maximum rate remains at the
interface. At certain values of the kinetic parameters, the
maximum fuel oxidation rate r*x can appear at a finite dis-
tance from the interface (Fig. 7) and its position is determined
by

rox ^jc as dx RT2 dx (50)

At large L, the oxidation rate can decay to zero even within
a fuel layer. Therefore, the values of ax and Tx are calculated
as corrected for incomplete combustion. This reduces to a
certain extent the incorrectness of the model, which is rather
qualitative in character.

A comparison of the two-dimensional calculations with the
results obtained in terms of the averaging model has shown
good qualitative agreement for the dependence r(L). The
main difference is that in the averaging model, rox decays to
zero at a certain finite L value and rr (passing its minimum)
asymptotically tends to the burning rate of oxidizer without

1.6

I 1.2

^ ft«
M

^ M

0

2/i

2.1
2.0

OA 0.8 OM 0.8

a) ? b) ;
Fig. 7 Distribution of combustion characteristics over burning sur-
face of a sandwich system (oxidizer is left of dashed-dot line, fuel to
right). L = a) 5.1 x 10~4 and b) 2.6 x 10~3 cm.
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fuel, while in the two-dimensional model the rate takes its
minimum value characteristic of r at the interface as L -» oo.

In the case in which fuel oxidation proceeds with little ther-
mal effect, the leading process is oxidizer decomposition, and
the maximum rate together with the leading point appear in
the center of the oxidizer layer.

The burning surface shapes and combustion regimes pre-
dicted by the model correspond to the data of experimental
studies.30 Several authors have also stated that for AP-based
propellants, oxidizer particles at low pressures protrude from
the burning surface, and at high pressures form cavities.

Combustion of Composite Propellants
It is known that oxidizer deflagration essentially affects the

combustion mechanism in composite propellants based on AP
or similar salts. Hence, preparatory to developing a detailed
mathematical theory of composite-propellant combustion that
would take into account chemical, thermal, and mass inter-
actions of components, we shall first analyze the peculiarities
of oxidizer combustion and their role in the combustion of
propellants.

From the above, it appears that the exothermic decom-
position of oxidizer in the condensed phase is the leading
process of the combustion. The calculated and experimental
burning rates of onium oxidizers as a rule show good agree-
ment and are arranged in the same sequence in magnitude.
The burning rates for most composite propellants are of the
same order of magnitude as the burning rate of oxidizer. Let
us consider the pressure dependence of the burning. Drawing
a smoothing spline through experimental points followed by
calculating the value of the pressure exponent n in any narrow
pressure range yields additional valuable information about
the combustion mechanism.31-32 An analysis of the numerous
experimental data obtained by the authors and reported in
the literature has shown that the dependence n(p) for pure
AP and many AP-based composite propellants is maximum
within the pressure range 20-40 atm (Fig. 8). The combustion
models investigated that involve parallel33 and consecutive
reactions suggest that an n(p) curve can have a maximum if
the pressure dependencies of the burning rates of different
processes and their thermal effects are different. The change
of the maximum combustion temperature with pressure (when
dTh/dp =£ 0) also contributes to the total value of the pressure
exponent.

The minimum pressure dependence of burning rate tem-
perature sensitivity is determined by the competition between
condensed-phase decomposition and sublimation of the oxi-
dizer. Such an unusual dependence can be obtained only within
the framework of the combustion model for the condensed
phase. Unfortunately, crp is usually measured in a relatively

0.8

0.4

u 40 SO
P, aim

Fig. 8 Pressure dependence of the pressure exponent of burning rate
for composite propellants. 1) AP + polymethylmethacrylate, 2) AP
+ polystyrene, and 3) AP + bitumen (according to the data of Bakh-
man and Belyaev23).

narrow range of combustion conditions (pressure, initial tem-
perature). Nevertheless, in some experiments, the crp(p) curves
showed minima or sections with ap increasing or decreasing
with pressure in the combustion of oxidizers (AP, HAP) and
AP-based propellants with polymeric fuels and propellants
doped with nitramines, metals, and catalysts.35

The combustion mechanism in which oxidizer transfor-
mation is a determining process is best realized in highly ho-
mogeneous compositions or in compositions involving coarse
oxidizers and inert fuels.

In many cases, however, the chemical, thermal, and dif-
fusion interactions of the oxidizer and its decomposition prod-
ucts with fuel components give rise to qualitatively new phe-
nomena. From this viewpoint, let us consider burning rate as
a function of the characteristic size of the components of a
composite propellant.

According to the conventional concept of a combustion
mechanism of composite propellants, the burning rate must
monotonously decrease with increasing size since, according
to the gas-phase combustion theory, the time of diffusion
mixing of reagents is extended. In addition, according to the
condensed-phase theory, the reaction rate decreases due to
the reduced specific surface of the particles. The complex
behavior of the r(L) curve with two extremes, revealed in the
sandwich system (Fig. 6), suggests that the combustion of
composite propellants also involves a change in both com-
bustion regimes and leading processes when the oxidizer grain
size is varied. The kinetic combustion regime, with transfor-
mation of the leading oxidizer in a quasihomogeneous com-
position, changes to diffusion-kinetic combustion with an in-
creasing fuel oxidation that leads to heat-exchange combustion
in which the fuel is inert. Finally, there is autonomous com-
bustion of the oxidizer or, under appropriate conditions, com-
bustion at the oxidizer-fuel interface. As a result, pressure
dependence of the burning rate changes with variations in
particle size according to changing combustion regimes. This
is consistent with the various shapes of the experimental r(p)
curves23 (including those with plateaus where the burning rate
decreases or increases as is characteristic of nitramine-con-
taining propellants34), and is the result of the transition from
the heat-exchange regime to the autonomous combustion of
nitramine.

Referring to Fig. 8, we see that at high pressures the pres-
sure exponent for some propellants increases (the "tail" ef-
fect). The extent of the pressure exponent increase, as shown
by experimental data, depends on the intensity of the inter-
action between oxidizer and fuel or between their decom-
position products, which in turn is determined by the particle
size of components, the thermal stability and calorific value
of fuel, the reactivity of catalytic additives, etc. Figure 8 shows
that as the thermal stability of fuel and the probability of its
oxidation in the condensed phase increase, the dependence
n(p) with a maximum (polymethyl methacrylate-containing
composition) transforms into the curve with two extremes and
a tail (the polystyrene-containing composition) and into the
curve with an inflection (the bitumen-containing composi-
tion).

Interesting results have been obtained through investigation
of the dependence of combustion characteristics on the prop-
erties of fuels, catalysts, and other propellant components. In
particular, a natural change was observed in the characteristics
of a composite propellant with alkyl-substituted ferrocene.
Another example is the burning-rate variation, which depends
on the way in which the catalyst (potassium permanganate)
is incorporated into the composition. The burning rate de-
creases if the catalyst is introduced isomorphously into AP
crystals and increases if the AP particles are coated with po-
tassium permanganate; this can be accounted for by the in-
creased dispersion of AP during burning in the first case, and
by the catalytic effect of potassium permanganate in the sec-
ond case.
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Fig. 9 Burning surface structure for different combustion regimes
of a composite propellant.

Taking into account the above reasoning, let us present
possible combustion regimes and corresponding burning sur-
face structures for an ordered composite propellant (Fig. 9).
In Figs. 9a and 9b, only thermal interaction occurs between
components and the combustion wave propagates through a
fast burning matrix with a leading point in the middle of the
layer or through fast burning oxidizer particles where the
leading point is in the center of each particle, followed by the
consumption of fuel lamina according to the relay race mech-
anism.23 In Figs. 9c-9e, a particle-matrix interaction takes
place (e.g., oxidation, catalysis) and the combustion wave
propagates along the interface or at a finite distance from it.
The hollow on the burning surface can be asymmetric because
of different regression rates of components. The burning sur-
face can also have two hollows (Fig. 8e).

Conclusions
Current knowledge concerning the combustion of energetic

materials permits us to formulate several principles that should
be taken into account in combustion modeling.

1) The processes that take place within the condensed phase
(thermal decomposition, oxidation, catalysis, evaporation, etc.)
should be considered along with the gas-phase processes by
solving appropriate differential equations, followed by deter-
mination of the burning rate in each phase. In the steady-
state combustion regime, the burning rates in the gas and
condensed phases are equal. This can be used to obtain the
value of the burning surface temperature, an important char-
acteristic of the combustion process.

2) The combustion mechanism for laminated or heteroge-
neous systems is governed not only by mass transfer in the
gas phase via diffusion of components, but also by heat ex-
change between the components in the condensed phase. These
factors together with appropriate kinetics determine the com-
bustion regimes of energetic materials.

3) The adequacy of the mathematical model for the com-
bustion phenomenon under study could not be proved by a
comparison of the values of arbitrarily chosen combustion
characteristics or parameter dependencies. For this purpose,
a number of calculated characteristics showing qualitative and
quantitative agreement with the experiment should be used.
In particular, these characteristics can be dependencies of the
burning rate and its sensitivity on pressure, initial tempera-
ture, concentration, and physicochemical properties of the
components. Comparison of theoretical results with different
kinds of experimental data reliably determines the applica-
bility range of the mathematical model for further use in
predicting propellant combustion characteristics.
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